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In this paper, we establish several new inequalities for functions whose second derivative
in absolute value aroused to the qth (q ≥ 1) power are (α,m)-convex. Some applications
to special means of positive real numbers are also given.
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1. Introduction
The following inequality is well known in the literature as the Hermite–Hadamard integral inequality:
f

a+ b
2

≤ 1
b− a
∫ b
a
f (x)dx ≤ f (a)+ f (b)
2
where f : I ⊆ R→ R is a convex function on the interval I of real numbers and a, b ∈ I with a < b.
In [1], Miheşan introduced the class of (α,m)-convex functions as the following:
The function f : [0, b] → R is said to be (α,m)-convex, where (α,m) ∈ [0, 1]2, if for every x, y ∈ [0, b] and t ∈ [0, 1],
we have
f (tx+m(1− t)y) ≤ tα f (x)+m(1− tα)f (y).
Note that for (α,m) ∈ {(0, 0), (α, 0), (1, 0), (1,m), (1, 1), (α, 1)} one obtains the following classes of functions:
increasing, α-starshaped, starshaped,m-convex, convex and α-convex.
Denote by Kαm(b) the set of all (α,m)-convex functions on [0, b] forwhich f (0) ≤ 0. For recent results and generalizations
concerningm-convex and (α,m)-convex functions, see [2–8].
In [9], Özdemir et al. used the following lemma in order to establish some inequalities form-convex functions.
Lemma 1. Let f : I ⊂ R→ R be a twice differentiable mapping on I◦, a, b ∈ I with a < b and f ′′ ∈ L[a, b]. Then, the following
equality holds:
f (a)+ f (b)
2
− 1
b− a
∫ b
a
f (x)dx = (b− a)
2
2
∫ 1
0
t(1− t)f ′′(ta+ (1− t)b)dt.
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In the same paper [9], Özdemir et al. discussed the following new results related to the right-hand side of the
Hermite–Hadamard inequality form-convex functions:
Theorem 1. Let f : I◦ → R, where I◦ ⊂ [0,∞) be a twice differentiable function on I◦, a, b ∈ I with a < b and suppose that
f ′′ ∈ L[a, b]. If |f ′′|q is m-convex on [a, b] for some fixed q > 1 and m ∈ (0, 1], then the following inequality holds: f (a)+ f (b)2 − 1b− a
∫ b
a
f (x)dx
 ≤ (b− a)28

Γ (1+ p)
Γ
 3
2 + p
 1p  |f ′′(a)|q +m f ′′  bm q
2
 1
q
where p = qq−1 .
Corollary 1. With the above assumptions given that |f ′′(x)| ≤ K on [a, b] and 0 < m ≤ 1, we have the inequality f (a)+ f (b)2 − 1b− a
∫ b
a
f (x)dx
 ≤ K (b− a)28

1+m
2
 1
q

Γ (1+ p)
Γ
 3
2 + p
 1p .
In [10], Sarıkaya and Aktan obtained the following results concerning Hermite–Hadamard’s inequality for functions
whose second derivative in the absolute value is convex.
Theorem 2. Let I ⊆ R be an open interval, a, b ∈ I with a < b and f : I → R be twice differentiable mapping such that f ′′ is
integrable and 0 ≤ λ ≤ 1. If |f ′′| is a convex function on [a, b], then the following inequalities hold:(λ− 1)f a+ b2

− λ f (a)+ f (b)
2
+ 1
b− a
∫ b
a
f (x)dx

≤

(b− a)2
12
[
λ4 + (1+ λ)(1− λ)3 + 5λ− 3
4

|f ′′(a)| +

λ4 + (2− λ) λ3 + 1− 3λ
4

|f ′′(b)|
]
,
for 0 ≤ λ ≤ 1
2
(b− a)2(3λ− 1)
48
[|f ′′(a)| + |f ′′(b)|], for 1
2
≤ λ ≤ 1.
In Theorem 2, if we choose λ = 1 we have 1b− a
∫ b
a
f (x)dx− f (a)+ f (b)
2
 ≤ (b− a)212
[ |f ′′(a)| + |f ′′(b)|
2
]
. (1.1)
The aim of this paper is to establish some inequalities like those given in [9], but now for (α,m)-convex functions. That
is, this study is a continuation of [9]. In order to obtain our results, we modified Lemma 1 given in the [9].
2. Inequalities for (α,m)-convex functions
Lemma 2. Let f : I ⊆ R→ R be a twice differentiable mapping on I◦ where a, b ∈ I with a < b and m ∈ (0, 1]. If f ′′ ∈ L[a, b],
then the following equality holds:
f (a)+ f (mb)
2
− 1
mb− a
∫ mb
a
f (x)dx = (mb− a)
2
2
∫ 1
0
(t − t2)f ′′(ta+m(1− t)b)dt.
A simple proof of the equality can be done by performing an integration by parts in the integrals from the right side and
changing the variable. The details are left to the interested reader.
Theorem 3. Let f : I ⊂ [0, b∗] → R, be a differentiable mapping on I◦ such that f ′′ ∈ L[a, b] where a, b ∈ I with a < b,
b∗ > 0. If |f ′′|q is (α,m)-convex on [a, b] for (α,m) ∈ [0, 1]2, q ≥ 1, then the following inequality holds: f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22

1
6
1− 1q
×
[
|f ′′(a)|q 1
(α + 2)(α + 3) +m|f
′′(b)|q

1
6
− 1
(α + 2)(α + 3)
] 1
q
.
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Proof. Suppose that q = 1. From Lemma 2 and using the (α,m)- convexity of |f ′′|, we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22
∫ 1
0
(t − t2)|f ′′(ta+m(1− t)b)|dt
≤ (mb− a)
2
2
∫ 1
0
(t − t2)[tα|f (a)| +m(1− tα)|f (b)|]dt
= (mb− a)
2
2
[
|f ′′(a)| 1
(α + 2)(α + 3) +m|f
′′(a)|

1
6
− 1
(α + 2)(α + 3)
]
(2.1)
which completes the proof for q = 1.
Suppose now that q > 1. From Lemma 2 and using the Hölder’s integral inequality for q > 1, we have∫ 1
0
(t − t2)|f ′′(ta+m(1− t)b)|dt =
∫ 1
0
(t − t2)1− 1q (t − t2) 1q |f ′′(ta+m(1− t)b)|dt
≤
[∫ 1
0
(t − t2)dt
]1− 1q [∫ 1
0
(t − t2)|f ′′(ta+m(1− t)b)|qdt
] 1
q
(2.2)
where 1p + 1q = 1.
Since |f ′′|q is (α,m)-convex on [a, b], we know that for every t ∈ [0, 1]
|f ′′(ta+m(1− t)b)|q ≤ tα|f ′′(a)|q +m(1− tα)|f ′′(b)|q. (2.3)
From (2.1)–(2.3), we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22
[∫ 1
0
(t − t2)dt
]1− 1q [∫ 1
0
(t − t2)|f ′′(ta+m(1− t)b)|qdt
] 1
q
≤ (mb− a)
2
2
[∫ 1
0
(t − t2)dt
]1− 1q
×
[∫ 1
0
(t − t2)[tα|f ′′(a)|q +m(1− tα)|f ′′(b)|q]dt
] 1
q
= (mb− a)
2
2

1
6
1− 1q
×
[
|f ′′(a)|q 1
(α + 2)(α + 3) +m|f
′′(b)|q

1
6
− 1
(α + 2)(α + 3)
] 1
q
which is the required. 
Remark 1. If in Theorem 3 we choosem = α = q = 1, we obtain f (a)+ f (b)2 − 1b− a
∫ b
a
f (x)dx
 ≤ (b− a)224 [|f ′′(a)| + |f ′′(b)|]
which is the inequality in (1.1).
Theorem 4. Let f : I ⊂ [0, b∗] → R, be a differentiable mapping on I◦ such that f ′′ ∈ L[a, b] where a, b ∈ I with a < b,
b∗ > 0. If |f ′′|q is (α,m)-convex on [a, b] for (α,m) ∈ [0, 1]2, q > 1, then the following inequality holds: f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)28

Γ (1+ p)
Γ
 3
2 + p
 1p [|f ′′(a)|q 1
α + 1 +m|f
′′(b)|q

α
α + 1
] 1
q
.
Proof. From Lemma 2 and using the Hölder’s integral inequality, we obtain f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22
∫ 1
0
t(1− t)|f ′′(ta+m(1− t)b)|dt
≤ (mb− a)
2
2
∫ 1
0
(t − t2)pdt
 1
p
∫ 1
0
|f ′′(ta+m(1− t)b)|qdt
 1
q
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≤ (mb− a)
2
2
∫ 1
0
(t − t2)pdt
 1
p
∫ 1
0
[tα|f ′′(a)|q +m(1− tα)|f ′′(b)|q]dt
 1
q
= (mb− a)
2
2

2−1−2p
√
πΓ (1+ p)
Γ
 3
2 + p
  1p |f ′′(a)|q 1
α + 1 +m|f
′′(b)|q

α
α + 1
 1
q
= (mb− a)
2
2
(
√
π)
1
p
2
1
p 22

Γ (1+ p)
Γ
 3
2 + p
 1p |f ′′(a)|q 1
α + 1 +m|f
′′(b)|q

α
α + 1
 1
q
and since
√
π < 2, we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)28

Γ (1+ p)
Γ
 3
2 + p
 1p |f ′′(a)|q 1
α + 1 +m|f
′′(b)|q

α
α + 1
 1
q
,
where 1p + 1q = 1.
We note that, the Beta and Gamma functions (see [11]),
β(x, y) =
∫ 1
0
tx−1(1− t)y−1dt, x, y > 0, Γ (x) =
∫ ∞
0
e−t tx−1dt, x > 0,
are used to evaluate the integral∫ 1
0
(t − t2)pdt =
∫ 1
0
tp(1− t)pdt = β(p+ 1, p+ 1)
where
β(x, x) = 21−2xβ

1
2
, x

and β(x, y) = Γ (x)Γ (y)
Γ (x+ y) , thus we can obtain that
β(p+ 1, p+ 1) = 21−2(p+1)β

1
2
, p+ 1

= 21−2(p+1)Γ
 1
2

Γ (p+ 1)
Γ
 3
2 + p
 ,
and Γ ( 12 ) =
√
π , which completes the proof. 
Corollary 2. In Theorem 4, if we choose m = α = 1, we have f (a)+ f (b)2 − 1b− a
∫ b
a
f (x)dx
 ≤ (b− a)28

Γ (1+ p)
Γ
 3
2 + p
 1p [ |f ′′(a)|q + |f ′′(b)|q
2
] 1
q
.
Remark 2. Suppose that all the assumptions of Theorem 4 are satisfied with |f ′′| ≤ K . If we choose m = α = 1, we have
the inequality in Corollary 1.
Theorem 5. Let f : I ⊂ [0, b∗] → R, be a differentiable mapping on I◦ such that f ′′ ∈ L[a, b] where a, b ∈ I with a < b,
b∗ > 0. If |f ′′|q is (α,m)-convex on [a, b] for (α,m) ∈ [0, 1]2, q > 1 with 1p + 1q = 1, then the following inequality holds: f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22

|f ′′(a)|q
[
q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
q+ 1 −

q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
] 1q
.
Proof. From Lemma 2 and using the well-known Hölder’s integral inequality, we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22
∫ 1
0
t(1− t)|f ′′(ta+m(1− t)b)|dt
≤ (mb− a)
2
2
∫ 1
0
tpdt
 1
p
∫ 1
0
(1− t)q|f ′′(ta+m(1− t)b)|qdt
 1
q
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≤ (mb− a)
2
2
∫ 1
0
tpdt
 1
p
∫ 1
0
(1− t)q[tα|f ′′(a)|q +m(1− tα)|f ′′(b)|q]dt
 1
q
= (mb− a)
2
2

1
p+ 1
 1
p

|f ′′(a)|qβ(α + 1, q+ 1)+m|f ′′(b)|q

1
q+ 1 − β(α + 1, q+ 1)
 1
q
.
Since 12 < (
1
p+1 )
1
p < 1 and using of the property of Beta and Gamma functions which is for x, y > 0 defined as
β(x, y+ 1) = y
x
β(x+ 1, y) = y
x+ yβ(x, y) and β(x, y) =
Γ (x)Γ (y)
Γ (x+ y) ,
we obtain f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22

|f ′′(a)|q
[
q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
q+ 1 −

q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
] 1
q
where α + 1, q > 1. 
Corollary 3. In Theorem 5, if we choose m = α = 1, we have f (a)+ f (b)2 − 1mb− a
∫ b
a
f (x)dx
 ≤ (b− a)22

|f ′′(a)|q
[
q
q+ 2

Γ (2)Γ (q)
Γ (q+ 2)
]
+ |f ′′(b)|q
[
1
q+ 1 −

q
q+ 2

Γ (2)Γ (q)
Γ (q+ 2)
] 1
q
.
Theorem 6. Let f : I ⊂ [0, b∗] → R be a differentiable mapping on I◦ such that f ′′ ∈ L[a, b]where a, b ∈ I with a < b, b∗ > 0.
If |f ′′|q is (α,m)-convex on [a, b] for (α,m) ∈ [0, 1]2 and for some fixed q ≥ 1, then the following inequality holds: f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22

1
2
1− 1q 
|f ′′(a)|q
[
q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
(q+ 1)(q+ 2) −

q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
] 1
q
.
Proof. From Lemma 2 and using the well-known power-mean integral inequality, we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22
∫ 1
0
t(1− t)|f ′′(ta+m(1− t)b)|dt
≤ (mb− a)
2
2
∫ 1
0
tdt
1− 1q ∫ 1
0
t(1− t)q|f ′′(ta+m(1− t)b)|qdt
 1
q
≤ (mb− a)
2
2
∫ 1
0
tdt
1− 1q ∫ 1
0
t(1− t)q[tα|f ′′(a)|q +m(1− tα)|f ′′(b)|q]dt
 1
q
= (mb− a)
2
2

1
2
1− 1q [
|f ′′(a)|qβ(α + 2, q+ 1)+m|f ′′(b)|q

1
(q+ 1)(q+ 2) − β(α + 2, q+ 1)
] 1
q
.
And similarly Theorem 5, we obtain f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ (mb− a)22

1
2
1− 1q 
|f ′′(a)|q
[
q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
(q+ 1)(q+ 2) −

q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
] 1q
where α + 2, q > 1. 
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Corollary 4. In Theorem 6, if we choose m = α = 1, we have f (a)+ f (b)2 − 1b− a
∫ b
a
f (x)dx
 ≤ (b− a)22

1
2
1− 1q 
|f ′′(a)|q
[
q
q+ 3

Γ (3)Γ (q)
Γ (q+ 2)
]
+ |f ′′(b)|q
[
1
(q+ 1)(q+ 2) −

q
q+ 3

Γ (3)Γ (q)
Γ (q+ 2)
] 1
q
.
Corollary 5. From Theorems 3–6, we have f (a)+ f (mb)2 − 1mb− a
∫ mb
a
f (x)dx
 ≤ min{ϑ1, ϑ2, ϑ3, ϑ4}
where
ϑ1 = (mb− a)
2
2

1
6
1− 1q [
|f ′′(a)|q 1
(α + 2)(α + 3) +m|f
′′(b)|q

1
6
− 1
(α + 2)(α + 3)
] 1
q
,
ϑ2 = (mb− a)
2
8

Γ (1+ p)
Γ
 3
2 + p
 1p [|f ′′(a)|q 1
α + 1 +m|f
′′(b)|q

α
α + 1
] 1
q
,
ϑ3 = (mb− a)
2
2

|f ′′(a)|q
[
q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
q+ 1 −

q
α + q+ 1

Γ (α + 1)Γ (q)
Γ (α + q+ 1)
] 1q
,
ϑ4 = (mb− a)
2
2

1
2
1− 1q 
|f ′′(a)|q
[
q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
]
+ m|f ′′(b)|q
[
1
(q+ 1)(q+ 2) −

q
α + q+ 2

Γ (α + 2)Γ (q)
Γ (α + q+ 1)
] 1
q
.
3. Applications to special means
Now using the results of Section 2, we give some applications to special means of positive real numbers.
(1) The arithmetic mean:
A = A(a, b) = a+ b
2
; a, b ∈ Rwith a, b > 0.
(2) The geometric mean:
G = G(a, b) = √ab; a, b ∈ Rwith a, b > 0.
(3) The logarithmic mean:
L = L(a, b) = b− a
ln b− ln a ; a ≠ b, a, b ∈ Rwith a, b > 0.
(4) The generalized logarithmic mean:
Ln(a, b) =
[
bn+1 − an+1
(b− a)(n+ 1)
] 1
n
; n ∈ Z \ {−1, 0}, a ≠ b, a, b ∈ Rwith a, b > 0.
(5) The identric mean:
I = I(a, b) =

a if a = b
1
e

bb
aa
 1
b−a
if a ≠ b; a, b > 0.
(6) The harmonic mean:
H = H(a, b) = 2ab
a+ b ; a, b > 0.
The following propositions hold.
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Proposition 1. Let n ∈ (−∞, 0) ∪ [1,∞) \ {−1} and [a, b] ⊂ [0, b∗]. Then, we have the following inequality:
|A(an, bn)− Lnn(a, b)| ≤
(b− a)2
8

Γ (1+ p)
Γ
 3
2 + p
 1p [n(n− 1) |a|(n−2)q + |b|(n−2)q
2
] 1
q
.
Proof. The assertion follows from Corollary 2 for f (x) = xn and n as specified above. 
Proposition 2. Let a, b ∈ (0, b∗] and then we have
|H−1(a, b)− L−1(a, b)| ≤ (b− a)2

|a|−3q
[
q
q+ 2

Γ (2)Γ (q)
Γ (q+ 2)
]
+ |b|−3q
[
1
q+ 1 −

q
q+ 2

Γ (2)Γ (q)
Γ (q+ 2)
] 1
q
.
Proof. The assertion follows from Corollary 3 for f (x) = 1x and x ∈ (0, b∗]. 
Proposition 3. Let a, b ∈ (0, b∗] and then we have
| ln I(a, b)− lnG(a, b)| ≤ (b− a)
2
2

1
2
1− 1q 
|a|−2q
[
q
q+ 3

Γ (3)Γ (q)
Γ (q+ 2)
]
+ |b|−2q
[
1
(q+ 1)(q+ 2) −

q
q+ 3

Γ (3)Γ (q)
Γ (q+ 2)
] 1
q
.
Proof. The assertion follows from Corollary 4 for f (x) = − ln x, x ∈ (0, b∗]. 
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